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Abstract 



We adapt the results of Part 1 to include the unit ball in the Heisenberg group, the model domain 
with characteristic boundary points. In particular, we construct function spaces on which the Kohn 
Laplacian with the Sj-Neumann boundary conditions is an isomorphism. As an application, we establish 
sharp regularity for a canonical solution to the inhomogenous 8), equation on the unit ball. 

Contents 

11 Introduction! 1 

12 The Heisenberg Grounl 2 

13 Spherical Harmonic^ 5 

14 Global Regularity and Estimates! 8 
Is Local Estimates at the Boundarvl 13 

16 Local Estimates along the Characteristic LineJ 16 

17 An Isomorphism Theorenil 17 
IA Comparison of Folland-Stein Spaced 20 

1 Introduction 

In Part 1 of this paper, we established existence and sharp regularity for the 9j,-Neuniann problem on 
a specialised class of domains in certain model CR manifolds. The assumption was that the domain 
could be expressed as the product of a compact normal CR manifold with a precompact open set in 
the hyperbolic plane. These domains suffered from the severe restriction that they could not possess 
characteristic boundary points. 

In this second part, we shall explore the special case of the unit ball in the Heisenberg group 1HI^"+^. 
If the centre of the group is removed, we can exhibit the remaining part of H^"+^ as a product manifold 
with factors consisting of the unit sphere and the hyperbolic plane. The results of Part 1 can then be 
employed to establish existence and regularity for the 9(j-Neumann problem on the ball with respect to 
a class of singularly weighted Folland-Stein spaces. The singularities of the weights occur all along a 
characteristic axis in 11^"+^. By carefully studying the nature of these spaces and constructing precise 
interior estimates, we shall be able to establish sharp estimates for solutions to the (9j,-Neumann problem 
that exhibit singularity only at the characteristic boundary points. 

It is shown in j2j that the unit sphere has trivial Kohn-Rossi cohomology at the (0, q)-\evel for 1 < g < 
n — 2 . Therefore when we apply the results of Part 1, in particular Theorem 9.4, we see that the Kohn 
Laplacian is injective and Fredholm. 

The main theorem of this paper is as follows: 

Theorem A Let fl be the unit ball in H^"+^ with n> A. Denote by the homogeneous distance of p to 
the set of characteristic points of the boundary dfl. 
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Suppose 1 < q < n — 2. Then on (0, q) -forms the operator 
is an isomorphism. 

The precise definitions of tlie spaces involved are very similar in nature to those employed in Part 1 
and will be described in detail in Section [7| This theorem ensures hypoellipticity of Dj, up to all non- 
characteristic boundary points, but cannot guarantee global hypoellipticity. This is not unexpected as a 
similar phenomenon occurred in Jerison's study of the Dirichlet problem 4 . 

A useful corollary of this theorem is the existence of solutions to the non- homogenous 9^ equation with 
sharp estimates. More precisely we shall establish: 

Theorem B Let Q be the unit ball in H^""*"^ with n > 4. Denote by the homogeneous distance of p to 
the set of characteristic points of the boundary dU,. 

Suppose 1 < q < n — 2. Then for any ij), q)-form q such that 9j,<; = there exists a {p,q — l)-form Lp such 
that 

Furthemore, if 'i ^ S^q ^ (O) then Lp can be chosen so that ip ^ d^ ■ =^q'^ (f^) and there is a uniform 
estimate 

2 The Heisenberg Group 

Definition 2.1 The Heisenberg group of dimension 2n + 1 is the manifold 

jj2„+i ^{(^t,z)eRx C"}, 

equipped with the CR-structure °T' defined as the complex linear span of the vector fields Lj — -^ + iz^-§i, 
j = 1, . . . ,n. 

It is easy to check that the Lie bracket \Lj, Lk] — for each pair j, k. We introduce the function s = z^z^ = 
Then the Heisenberg group can be embedded into C""*"^ as a hypersurface by the map (t, z) ^ {w, z) 
where w = t + is. The group structure for ]HI^"+^ is induced from the automorphism subgroup of this 
hypersurface in C"+^. More concretely 

{ti,Zi) ■ {t2, Z2) = {ti + t2 + 2Im((2:i , Z2)) ,Zi+ Z2). 

Definition 2.2 

(i) The dilation operators oflP"^^ consists of the family {Sr}reR^„ defined by Sr ■ it,z) 1-^ (r'^t,rz). 

(ii) The translation operators {Tx}xeR are defined by Tx '. {t, z) 1-^ (t + x, z). 

(iii) Q denotes the group generated by {r^} U {5r}- 

(iv) The group U{n) acts on H2"+i by A ■ {t,z) ^ {t,Az). 
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It is easy to verify that the elements of U{n) commute with dilations and translations. Furthermore all 
the elements of ^ x U{n) are CR-diffeomorphisms, i.e. they preserve the bundle °T'. 

The fimction w = t + is = t + i\z\'^ introduced earlier is a CR- function. A simple computation shows 
that the characteristic set of w, i.e. the points at which d^^w = 0, is given by £yj ■= {z = 0}. Away from 
£yj the level sets of w are all spheres with a CR structure induced from the inclusion. 

The group Q x U{n) acts transitively on the set M'^"'^^\£i^. While this is not the full automorphism 
group, it omits reflections in t for example, it is sufficient for our needs. The orbits of U (n) are the level 
sets of the CR- function w and w provides a holomorphic coordinate for each orbit of G- 

We define a norm on ]HI^"+^ by 

\{t,z)\^ = {\z\^+t'y^{s' + t^y. (2.1) 

This norm is then homogeneous of degree one with respect to the family of dilations. From this we construct 
the homogeneous distance function on 11^"+^ defined by 

dist/f {{ti, Zi), {t2, Z2)) = \{ti, Zi) ■ {t2, Z2)-^\jj = {{tl - t2 - 2lin{{zi , Z2))f + \ZI - Z2\^y . 

For subsets K C H^"+^ wc also construct define the distance to K by dist^f (•, K) = infjdistH {-tP) : p € 
K}. It is worth noting that ii p G £w then [dist// {p,q)]^ is equal to the Euclidean distance from between 
w{p) and w{q) in C. We shall denote the ball of radius r about a point p G H^"+^ with respect to the 
homogeneous distance by B^. 

In order to construct an explicit realisation of the 9(,-complex as genuine differential forms and define 
a Kohn Laplacian, it is necessary to select a pseudohermitian structure for BI^"+^. The choice prevalent 
throughout the literature is (a constant multiple of) 

Q=^^dt- iz^dz'' + iz^dz''^ . 

Computation then yields that dO = idz'^ A dz^ and that the characteristic field is 3^ = 2^. Since 
[Lj, Lj] = —iT^, this CR-structure is strictly pseudoconvex with the collection {Li, . . . , L„, Lj, . . . , L^, T^} 
forming a global orthonormal frame for CTi?^"+^ with respect to the Levi metric 

heiX, Y) = dQ{X, JY) + e(X)e{Y). 

The dual coframe is given by {dz^, . . . , dz", dz^, . . . , dz", 6} and the associated volume form by dV@ = 
i^dtAdz^ Adz^ A--- A dz"" A dz^. 

While the pseudohermitian structure induced by O possesses many exceptional qualities, such as the 
presence of a global, compatible orthonormal frame, it suffers from the drawback that the orbits of the 
characteristic field %, are not closed. Thus it cannot be realised as an example of the structures described 
in Part 1. 

We can however bring the techniques of Part 1 to bear with the choice of another pseudohermitian 
form. As has been noted earlier, away from £yj the level sets of the CR function w are all spheres. The 
induced CR structure on each level set is naturally seen to be CR-diffcomorphic to that on the unit sphere 
by a simple rescaling. Consider the map E! : H^"+^\f^ — » U x defined by 

E:{t,z)^{t + i\z\^,^^). 

Here U is the upper half-plane model of hyperbolic 2-space {w G C : Im {w) > 0} and the manifold on the 
right is given the smooth product structure. The unit sphere is easily seen to be a normal CR manifold. 
Therefore we can impose a pseudohermitian structure on U x S^"~^ using the method described in Section 



3 



4 of Part 1. This can then be puUed back using the diffeomorphism S to construct a new pseudohcrmitian 
structure 9 on H^""'"^\fuj- This new pseudohcrmitian form can be described concretely by 



-Q = — (dt- iz^dz'' + iz'^dz'') 
s 2s \ I 



By construction the new characteristic field is tangent to the foliation induced by w. It is given explicitly 

by 

rp - ■ ( k k 

'"-'y dz^~' dz\ 

In addition 9 is easily seen to be invariant under the action Q ® U{n). Unfortunately while this pseu- 
dohermitian structure is now ideal for applying the results of Part 1, it is singular along the characteristic 
set Eyj. For studying domains with purely non-characteristic boundaries this does not matter. Domains 
with this restriction have been studied in greater generality by R. Diaz |T] . The purpose of this paper is 
to extend our results to cover the unit ball in IHI^"+^. This will only be of real interest if we can obtain 
information about a Kohn Laplacian that is defined across the characteristic set £^,. We shall therefore 
examine and compare the Kohn Laplacians associated to both pseudohcrmitian structures. 

One slight problem with the comparison of the pseudohcrmitian structures is that they yield different 
realisations of the abstract tangential Cauchy-Riemann complex B^^'^ on genuine forms. For a detailed 
description of the abstract complex , the reader is referred to [S]- Precisely speaking, a choice of pseudo- 
hermitian form induces a global right inverse to the natural projection from CA' to B^^''. We denote the 
inverses for our pseudohcrmitian forms by tt^ and ttq respectively. The composite map fiq ~ n^o (ttq)^^ is 
then a bijection (away from S^) from realised (0, (7)-forms for the pseudohcrmitian form 9 to those deter- 
mined by O. Since the Cauchy-Riemann complex is defined on the abstract quotient bundles, the family of 
operators {nq} intertwines and B^, i.e. df o^^ = /ig+i o9^. In order to establish later regularity results, 
it will be important to understand the action of /ig on LP' spaces and more generally on the Folland-Stein 
spaces. If we suppose 51 is a bounded open domain in IHI^"+^ then for (0, g)-forms a and /3 

(/igo;, Aiq/3)i2(f^) = / hQ{fiqa, Hq/3)dVe = / s^'^hg{a, f})s"^'^dVg 

i i (2.2) 

Since the Kohn Laplacian maps (0, (7)-forms to (0, q)-iorms, we can study each value of q independently. 
We introduce a parameter G R and scale the volume form dVg to obtain dV(^g^^) = s'^dVg. When 
V = n + \ — q the weighted inner product on ig(r2) matches that of L'^{Vl) on (0, (3')-forms. Alternatively 
phrased, when v — n-\-\ — q the operator /i^ is isometric isomorphism from (fl) to (fJ) on (0, (7)-forms. 
Here the space is defined as the space on $7 corresponding to the volume form dV(e ^.j. When studying 
non-characteristic domains we shall just consider v as a parameter in the range v > Q. For the study of 
characteristic domains wc shall freeze the value of at n -|- 1 — g when we study a particular value of 
q. This means that the LP inner products of the pseudohcrmitian structures will not agree for forms of 
degrees away from q. In addition since the definition of the Kohn Laplacian involves adjoint operators, 
it will depend upon the choice of weighting. This has the affect of shifting frequencies in the transverse 
directions only. This shift will prove beneficial. 

The CR equivalence between H'^"+^ and U x S^"^^ induces a partial distance function defined by setting 
dist(7 (p, q) to be the hyperbolic distance between w{p) and w{q) in U. This concept of distance was used 
extensively in Part 1 to obtain uniformity of local estimates. Of particular importance were the restricted 
hyperbolic tubes fi^, defined by 

= {g e n : dist[/ (p, q) < e}. 

For simplicity we shall restrict our attention to the unit ball in IHI^"+^, i.e. we set f2 = {|(t, z)]^ < 1}. 
Following Part 1, we identify fl — with the product manifold D x S^""^ where D = {\w\ < 1} cV . 
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We now construct a special function g on H^"+^ —£w Note that asl? = {|u;|<l}, the boundary dD is 
a hyperboHc geodesic with the further property that dist (•, dD) is preserved by any Mobius transformation 
fixing dD. Along the line t = we can explicitly compute that dist {is,dD) = |lns|. Therefore we can 
construct a smooth function (p{w) on U by setting (piis) = — Ins and declaring that (f> is preserved by all 
Mobius transformations that fix dD. 

Now let ^ be a smooth real- valued function on M such that £^{x) — x for |a:| < 3/4 and ^(x) = 1 for 
|a;| > 1. On H^"+-^ — we define the function g by 

g ^ £, o (j) o w. 

Lemma 2.3 The function g depends solely upon the real and imaginary parts of w and has the following 
properties 

(Rl) g extends smoothly to H^""*"^ — £q taking the value 1 on flH £w 

(R2) g ^ on on, g > on n and g < on - Ti. 

(R3) g{x) = distu (x.dn) on {distu [x,dn) < 3/4} . 

(R4) g^l on {distu i-^dn) > 1}. 

(R5) := inf min{|M^£-|, \Wg\} > 0. 

0<e<3/4 

(R6) sup max \W^W^g\ < oo for all m > 0. 

n j+k<m 

Proof: Most of the lemma follows immediately from the construction of g. For the bounds on the 
derivatives we note that the magnitude of W is preserved by Mobius transformations and so the magnitude 
of the various derivatives of the function dist (•, dD) at any point are determined purely by their values on 
the line t — 0. But along t — we can explicitly compute dist (•, dD) [t + is) = — Ins. By symmetry we 
this line critical in the i-directions and so W^dist (•, dD) — sds{— Ins) = —1 along t = Q. An easy induction 
argument and simple exercise in hyperbolic geometry completes the proof. 

■ 

This Lemma shows that the conditions required in Section 6 of Part 1 are satisfied with 5(D) = j and 
the regularity and estimates derived there apply to this example. 

Remark 2.4 The results of this paper will extend to any domain fl that admits a function g satisfying the 
all the above conditions. The modifications for the argument are slight but add to the technical intricacy. 
In particular, TheoremElcan be extended to any domain which admits a defining function that depends 
smoothly on the real and imaginary parts of w. The construction of the function g requires only elementary 
ideas, but is lengthy and adds little insight. 

3 Spherical Harmonics 

In [2] FoUand conducted a detailed study of the 9^-complex on the unit sphere. His results allow for a 
more refined harmonic analysis than the frequency decomposition obtained by Tanaka (see Part 1, Section 
3 or for general normal CR manifolds. Here we present a summary of FoUand's results translated into 
our notation. We recall from Part 1 that for a normal CR manifold there is a decomposition of into 
joint eigenspaces of Dj, and — zVt- The set of these eigenvectors was denoted by i^'^ and the respective 
eigenvalues by r(cr) and X{a). 
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Theorem 3.1 (FoUand) For each < q < n — 1 there is splitting of each into the disjoint union of 
two pieces yi''^' and yi''^ , each of which can he decomposed as a disjoint union of finite sets indexed by 
integers l,m> 0, and a shift operator 



with the following properties: 

(i) On (0, q) -forms 

(ii) The elements ofy are mutually orthogonal in ^^(S^""-^) 

(iii) Foraer,';;^ 



iforO<q<n-l) 



^{m + q){l + n-q-l) S{(j), 
0, 



dl<j = 0. 



r(cr) = {m + q){l + n-q-l). 



if q<n-l; 
otherwise. 



(iv) ForaeV^, 



^{m + q){l + n-q) 5-i(a), 



0, 



ifq>0; 
otherwise. 



T{a) = {m + q){l + n-q) 



(v) For all a e 

A(cr) = I — m — q. 

(vi) Foralll,m, = = 0. 

(vii) For all I > 0, Yi^/ = 0. 

Here we have used the convention that when </> or ^ is omitted from a set that we are refering to the union 
of the possibihties, i.e. = f^'^f U l^^'^f . 

All these results transfer across to the weighted spaces without change. In addition we can explicitly 
write down each and Wa, the projections of Vy and Vy onto each summand of the decomposition. 
Following the techniques of Part 1 Section 4, we pull these forms back to 1HI2"+^ and add weights appropriate 
to the relevant i^-structures. This yields a division of the sets 'fj'. 



Lemma 3.2 For a e ^ we have 
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Recall from Part 1, that we constructed an explicit constant E{(t) such that for each a E 

for all u e W^{D). This can now be exphcitly computed for a £ ^ as 

— m~q — 2, a V + I ~ m — q>'i 

0, otherwise. 

From these observations, we can be more precise in determining optimal constants for estimates than was 
possible in the general theory. 

Lemma 3.3 Suppose v > is a fixed constant and q is in the range 1 < q < n — 2. Then 

(1) For any a E fj, r{a) + ^ > Q and \X{a)\ < G{a)^ . 

(2) Ifae -y^i .^ with q > then T{g) > 2. 

(3) //o- e rj^;^ with q>0 then < G{a)^ < min{2r(CT), 2r{(7) - A(cr)}. 

(4) Ifre and then T{t) ^ if m ^ and Fir) > 2 otherwise. 

(5) Ifre - (rj^co U y^.ifi) then T(t) + E{t) >\. Ifv>2 this holds for all r G 1^. 

(6) //re - (r,Oo,o U r,"i^o) then Gi^rf < {r(T) + E{t)} uniformly. 

(7) Ifre andv>2 then G{t)^ < {r(r) + E{t)} uniformly. 

(8) //re - rj?o andv>i then T{t) + E{t) > 2. 

(9) Ifre andv>A then V{t) + E{t) > 2 

(10) If ere yj with q>0 andiy>3 then G{a) < (r{a) - y/T{a) - uniformly. 

(11) Ifre andv>A then G{t) < (t{t) - ^/T{^ - \ + \E{t)^ uniformly. 

(12) //re - r°Qo andv>i then G{t) < {t{t) - ^/flr) - \ + \E{t)^ uniformly. 

Proof: For we simply write out the expressions in full and the result is obvious. 

For |5J) and Q we note that G(o')^ < 1 + r(o'). It is easy to check that on these summands T{a) > 2 
and r(cr) + 2\{a) > 1. 

For and lO,® we note that r(r) = m{l + n - 1) = if and only if m = 0. Since n - 1 > 2 we 

have r(r) > 2 if m > 0. When m = then E{t) > \ when i±i > 1 and E{t) >_2 when ^ > 2. 

For (O and {Tj) we note that if m > then it is easy to uniformly bound f (t) < V(t) hence get the 
desired bounds. If to = then everything is linear in I for large I and uniformly bounded above for small 
values of I. 

Finally (|10|l . (|ll|l and (|12|l all follow easily from previous computations estimating G in terms of V(t) 
and E{t). 
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4 Global Regularity and Estimates 

Our goal in this section is to establish local regularity and global basic estimates for the operator Df on f2. 
The main tool are the results of Part 1 applied to the pseudohermitian structure induced by 9. We begin 
by computing where exactly we can compare the operators and Of. This amounts to unravelling how 
their domains are related under the intertwining operators /i : Ag ^ Ae- 

Lemma 4.1 Fix I < q < n — 2 and set v = n + 1 — q. Suppose <; e Lq(Aq'^'') n Dom{U\f) and if — ^^^q. 
Then 

(i) if e Dom{dl) and {^)-^d^^ip £ Ljin) . 

(ii) e Domiid'J*) and = G Ll{n). 

(lit) G Domiidtr) and (yi)-^^,^)*^^ = (^^(^f ^ - {VSye^ V f,-'d^, G L^in). 
(iv) e i?om(9,«) and = ViM"'<9?(<9?)*^ + ^° A e Ll{n). 

Proof: Recall that with our choice v = n + 1 ~ q, the family of operators {fJ.k} intertwine the operators 
and 9®, but for degrees away from the fixed value of q the spaces only match up to a scale factor. 
We can express this as 

when a and /3 are (0, q + r)-forms. 

To show (0) it suffices to check the Lg{n) integrability of {y/s)^^d^(p. But 



For (juj we first define C^_l^''^\fl) to be the set of (0,g) forms in Ll{fl) whose partial Fourier functions are 
all in C^{D), i.e. all smooth functions on D that vanish in some neighbourhood of the line {s = 0}. It is 

shown in the appendix of Part 1 that C^_l^'''\fl) is a dense subset of Dom(9^) in the graph norm. For all 
^(0,9- Dp 



Both sides are continuous in a for the graph norm of d^. This implies that (p e Dom((9^)*) and {d^)*(p ■ 
s/i~^(i9®)*<;. Finally to establish (O we note that 

We follow a similar line of reasoning to establish Namely for a e C^"''^\n), 



>, s^^~\^rr^r,)^.^^^ - (a, 0° va,V)i.(o)- 



Statement follows easily from Q and (juj. 
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Corollary 4.2 If 1 < q < n — 2 and ly = n + 1 — q then on (0, q) forms, 

Dom{Df ) C fiDom{Dl). 
Furthermore if <, £ Dom{\3f ) and = H^^'^ then [^)^^\I\^tp £ Lg{^) arid 

An important consequence of this corollary is that the difference between sOf and is not only a 
first order operator, but also takes a form that we shall be able to absorb into our estimates. For ease of 
reference we set 

= /i-l o □« o ^ 

with the domain defined by Dom(n^) = /i^^Dom(n®). Then Corollary 14.21 implies that Dom(n^) C 
Dom(n^) and 

sOf^ ^ ~ 0^ A {B^t)* + 6° V (4.1) 

This can now be written out as 

sD^^ = {P^(^^ + V^(^^ - B^^^} + 0° A {P^^^ - (V^)V^ - idlTv'^} (4.2) 
where BJ ■= B^ - 9° A 

\7y is the pure tangential component of described in Section 4 of Part 1. Here 
and throughout the remainder of this section we shall always presuppose that we have set v — n + 1 — q 
where q is the degree of the forms under consideration. 

Lemma 4.3 If tp e Dom{Dl) then ip^ , 6^ A p^ e Dom{Dl). 

Proof: By Theorem 13.11 the Kohn Laplacian on the spheres has trivial kernel for 1 < g < n — 2. Thus 
the regularity theory of Part 1 implies that if G Dom(n^) then ip G ■3^g''^{fl). This is easily seen to be 
sufficient. 

■ 

Lemma 4.4 (Regularity) Suppose p G Ti\£i^ and < e < 5 < j. If f E Dom{D'^) and sD'^ip G ygifl^) 
then 

Here the upper bound of i comes from the construction of g which yielded a natural choice of the ^ 
for the constant 5{D) from Part 1. 

Proof: The proof follows from an inductive argument. The inclusion of Dom(n^) in Dom(n^) implies 
that p G 3^g''^{fl). Thus the statement is true for fc = 0. 

Suppose fc > 1 and that the lemma holds for j < k. Choose e' such that e < e' < 5. Then ip G 
if "^'^(O;'). Combined with sW^ip G S^ei^l) this is sufficient by EiSl to show that P^yp^ G ^ei^l)- 
The regularity results of Part 1 then yield that G Jf '^(17^'). This imphes (9^)V^ G ^J'X^p ) also. 
Therefore G ygiVL^) and by the main regularity theorem of Part 1, G S^g' (f^p). 

■ 

We now begin the intricate task of constructing the existence theory and sharp estimates for and 
□f . Our first step is to obtain zero and partial first order global estimates. We shall actually get improved 
estimates with singular weights in these cases. Recall from the discussion in Section El that the Heisenberg 
group possesses a nonisotropic norm |(t, z)| = {t^ + |2:|^)^/^ which induces the homogeneous distance 
function. 

Definition 4.5 For any point x = it,z) G IHI^"^"'^ define dg{x) to be the smoothed minimum homogeneous 
distance from x to a characteristic point of the boundary offl, i.e. d£{x) — distu {x,£n) for x near £n but 
the function is smoothed to take the value ^ far from £n . 
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The smoothing process is necessary as otherwise derivatives of would be discontinuous along the line 
t — equidistant from both characteristic points. We shall use this smoothed distance primarily as a 
weight on derivatives in our various function spaces. In addition to weighting derivative by derivative to 

k d 

obtain the weighted FoUand-Stein spaces ' ^ defined in Section 2 of Part 1, we shall need a second type 
of weighting. 

Definition 4.6 For a normed space X <Z and function (f> we define 

(j)-X = {(j)u -.ueX} 

with norm f L ^ — f ^. 

These have already shown up in our work. For example, CoroUarv 14. 21 states that if flip e Dom(n^) then 
€: y/s-Lg{^l). We now use these ideas to improve the basic estimates derived in Part 1. Recall from 
Section 3 of Part 1 that the operator G is defined on a (0, q)-iorm by multiplication by G{a) on each 
component of the partial Fourier decomposition. 

Lemma 4.7 Suppose that n > A and 1 < q < n — 2. If (p ^ Dom{0'i^) then G^ip, Vy-(/3^ and (Vy)*(y9^ are 
all in d'^-Lg(n) and there is a constant G > independent of ip such that 

\\idf)GM\Lim + \\idf)^y^^kim + ll('^^')(^v-)>^|L.(^) < Cp^MlLUny (4-3) 

Proof: We define a function ponDbyp = ii; — c for some real constant c < — 1. Thus p is holomorphic 
and r = ^/pp is bounded above and below on D. Both p and r induce maps on Q which we shall also 
denote with the same letters. Some easy computation then yields that 

wl = ^ 

p p'^ 



'4 . We shall use the decomposition 
is stable under multiplication by suitably bounded anti-holomorphic functions. For p> G Dom(n|^) 



with a similar formula holding for W'^. We shall use the decomposition — pp and the fact that DoTa.{W^) 



Now decompose V ^ '^J'^ + 0° A ^ p^r . Also recall there is a shift operator S : 

yg,<t> ^ yg+i.i' such that (cr, djr) = {{djYa, r) = unless r = S{a). We break the computations 
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down in more manageable chunks. 



]^ 2is 1 1 1 



^E- 
^E- 



VJ 


|2 


VJ 


|2 


VJ 


|2 


VJ 


|2 



(4.4) 



Thus we see that 

s E{(rM-5)lKV;ill.,„, 

2,r-^^^^J|ll=(.)}- 

1 estabUsh the inequahty 



By a vir 



irtually identical argument, this time commuting across a jj ^ term we can 

X* 1 \ ^ r / N 1 \ II -1 I ii2 



:^)-2) lk"Vx|ll.(z,) 



The remaining terms can be estimated as follows 

( ' ^h^^ )l^(Q) + ( ^^'P^ ' (^6^)V^ 

< E |(^"VJ-Mr),^"'yr(^<Pr 



(4.5) 



+ 5^ |(r-V^r--iv/f(7)<^J-.(,))^,(^^ 



< 5^ 2v^||r-VJ-i(.)||^.(^)|k-V^||^.(^) 

^g— 1,1/; 

-i,.T||2 ^ Y yf(7)||r-^-^l'' 



< E ^lk"VJ||l.(^)+ E v^lk"V.1ll.(^) 
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Combining these three computations we see 



Re(r-V, .□^)^.(,,) > E { (via) - i) Ik" [['.(^^ + IWr-'W.fJWUu)] 



E {(r(T)-v^ 



1 \ 11 -1 i||2 



2 

Now recah from the existence theory of that we can improve the estimates on the transverse summands 
by using the results of Section 5 in Part 1. We obtain 



>i?(r)||(p)-V^||l.(^) 

It is shown in Lemma Irt. 31 that 



1 1 



G{Tf < (^r(r) - v/f(7) - - + -E{T)j (4.6) 

uniformly over provided either q > 1 or v > A. Since v = n + 1 — q this is guaranteed by rt > 4. 

Furthermore the same lemma shows that [G(cr)]^ < (riu) — ^/T{a) — uniformly over Therefore 
we have a uniform estimate of the form 

Furthermore this estimate is also uniform over the choice of c < — 1. Now it is clear that 1-1 is bounded 

I r I 

above by 1 on 13 for all choices of c. Thus we have the uniform estimate 

From the above computations we then also obtain uniform estimates of the form 

<C'Re(r-V,nr'/')i.(n) 
<^"ll°rHll^(o)- 

If we let c ^ —1, the dominated convergence theorem yields that (|4.3|l holds with jw + Ij"-'^ in place of 
d^^. Near the characteristic point (—1,0) however we see that (i| = |w + 1|. We repeat the procedure for 
the characteristic point at (1,0) by letting c tend to 1 from the right. Combining these estimates completes 
the proof. 



Remark 4.8 The global estimates on the transverse first order and tangential second order terms are 
necessary to circumvent the difficulties of localising low order estimates for Pj . 
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Remark 4.9 The requirement that n > 4 is a httle surprising. When n — 3 the estimates for 
just fail to provide sufhcient positivity when I ^ m = and we are unable to establish (|4.6|l . It is still 
possible to establish Fredholm theorems and some regularity for (0, l)-forms when n = 3, but as of yet I 
am unable to to obtain sharp estimates. 

Corollary 4.10 (Existence) Forn > 4 and 1 < q < n—2, the equation □^V' = a G Lg{^) on (0, q)-forms 
has a unique solution (p g Dom{D'^). 
Furthermore Dom{n'^) C d\-Ll{^). 

Proof: The operator is closed and self-adjoint on ig(ri) as U\f is closed and self-adjoint on L||(r2). The 
estimate of Lemma 14. 71 is more than enough to show that is injective with closed range. Self-adjointness 
then implies is surjective onto Lg(ri). 

■ 

This has the immediate corollary 

Corollary 4.11 For n> A and 1 < q < n — 2, the equation Df(, = f3 & -^e(^) ''^ {O,q)-forms has a 
unique solution e Doni{Of) . 

Furthermore Dom{Uf) C d|-L|(ri). 

Our work so far is now sufficient to establish the existence of the Neumann operators on U, for our 
various Laplacians. 

Lemma 4.12 Suppose fl ~ Bq C H^"+^ with n> 4. Fix 1 < q < n — 2 and set v = n + 1 — q. 

Acting on {O,q)-forms each of the three Laplacians Of, and Of admits a Neumann operator, i.e., 
a bounded inverse mapping into its domain. These operators, denoted by Ng, Nf^ and Nq respectively, 
have the following properties: 

(a) Each operator Ng, Nq and N^ is injective and surjective onto the domain of the corresponding 
Laplacian and continuous in the relevant -norms. 

(b) Ng and Nfj_ both map Lg{fl) continuously into 3^g''^{fl). 

(c) Nf^ maps Lg{fl) continuously into d^ ■ Lg{fl). 

(d) The composition o N^ maps Lg{n) into {y/s)-Lg{n). 

(e) If p G Q\£w, < e < S < J and ip e Lg{n) such that the restriction of Lp to fip lies in ^g{^p) then 
Ngip restricts to an element of 3^g'^{flp). Further there is a constant C > independent of ip, such 
that 

5 Local Estimates at the Boundary 

Due to the change in dimension of tangential contact vector fields, it is very difficult to analyse the Kohn 
Laplacian in neighbourhoods of the characteristic points themselves. To avoid this, we adopt the technique 
of covering the interior of the domain with a countable collection of balls which shrink in size approaching 
the characteristic points. This unfortunately means we cannot employ a finite cover, so we must work harder 
to obtain estimates on small balls that vary in some uniform sense as the balls approach the characteristic 
points. 

The cases of balls approaching along the boundary and approaching along the characteristic line will 
be handled very differently. The former is studied by careful examination of estimates in small hyperbolic 
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tubes, the latter by employing interior estimates and the automorphism group. However both arguments 
will employ some technical results concerning the geometry of near its characteristic points. 
We define 

fl^ — {x e Q — £u] ■ s{x) < (sin7)d£;(a;)} 

with f2+ defined similarly but with the inequality reversed. Thus Q~ is the intersection of two cones, each 
based at a characteristic boundary point of fi. We fix once and for all a choice of 7 that ensures p = 1 on 
il^ . This implies that any point x with dist[/ {x, dV.) < | must lie in fl^ . 

Recall that we have defined restricted hyperbohc tubes by fl^ :— {x £ il : distu{p,x) < r}. These 
restricted tubes are then the preimages of the restricted hyperbolic balls Dp by the projection from ft onto 
D. 

Lemma 5.1 For all < e < 5 < j there exists a countable collection {pm} of points in fl^ with the 
following properties: 

(1) The restricted tubes f2p^ cover . 

(2) The collection {flp^} is uniformly locally finite. 

(3) There exists a constant C such that for all m 



sup 



inf de- 
nt ^ 



Proof: Zorn's Lemma implies the existence of maximal collections of points in such that restricted 
hyperbolic tubes of radius e/2 about these points are disjoint. Let {pm} be any such maximal collection. 
Then every p S is contained in some fl^^^ . Now fix one such pj and suppose fl^^ n ftp. 7^ for some k. 

Then ffj^ C ^^p^"''^- The volume of the projection to U of an unrestricted hyperbolic tube depends solely 
on its radius. Since the tubes of radius e/2 are disjoint, it follows that only finitely many can be contained 
in the tube ilp^^*^ . Thus only finitely many of the tubes of radius S can intersect D,p^ . This establishes the 
existence of a cover with properties Q and (jSJ. 

Property ^ is just a characteristic feature of these hyperbolic tubes. Fix a characteristic point p and 
define a function on H^"+-'^ by 

F{x) = sup [distHip,y)f 

Since is compact F{x) is bounded above on the set {a; € : dist_y(a;,p) = 1} for any < a < 7r/2. Any 
dilation centred at p on 13^"+^ projects down to U as an element of the Mobius group. It therefore must 
preserve the hyperbolic distance while scaling the homogeneous distance by a scalar factor. It follows that 
F is homogeneous of degree under any such dilation. Therefore F is bounded everywhere on Q — S^u. 



inf distif(p, z) 



Lemma 5.2 Choose < e < S < j . Choose any p G f7+. Then there is a constant C depending solely on 



€. 



k, 7 and 5 such that whenever ip G Dom{U\'^) with n^i/? G (lip), the following estimate holds 

(5.1) 
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Proof: For convenience of reference we denote the sum of the last three terms of the right hand side of 
(|5.1() by Bs{p). The case fc = follows trivially from the definitions. When fc = 1, we first note that if 
e < 13 < 5 then 

by H4.2|l and the regularity results of Lemma 14.41 and Part 1 . 

^ +^ll°'v''-|L2(a^) 

<^'{||^°1VL.(0.)+S^(P)}- 

This establishes the case fc 1. The remaining cases with fc > 1 are reduced to this one by a similar 
induction argument. From the local regularity result of Part 1, Theorem 9.11 

for any (3 with t < [3 < 5 with the bounding constants depending solely on e and j3. So by induction on a 
carefully nested family of open balls we see 

with the bounding constant depending solely on e and fc. Then 

for some /3 with e < (3 < 6. The estimate then follows from the previous computation and induction. 

■ 

Corollary 5.3 Under the conditions of Lemma \5.'A . there is an estimate 



+ \\^Y^''\\LUni) + \\(^yy^^\\Llini)} 



with the bounding constant depending solely on e,S and fc. 
Proof: Combine the local estimates for with Lemma 
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6 Local Estimates along the Characteristic Line. 



We now attend to the task of studying regularity and estimates along the line £w Away from the charac- 
teristic boundary points, this line should not be problematic for the 9j,-Neumann problem. Indeed the local 
results of [3] imply that we have control over a full complement of FoUand-Stein derivatives in the interior of 
f2. Therefore instead of using the foliation by spheres which degenerates along E^, we apply these interior 
estimates to a sequence of small balls that approach the boundary characteristic points. We construct this 
sequence careful so we can easily utilise the dilation and translation structure of the Heisenberg group. 

Lemma 6.1 There exists a constant < a < 1 such that can be covered by a countable collection of 
balls Bp^'' with the following properties: 

( 1 ) Each pk E ^ n £w 

(2) Each C n^^. 

(3) There is some e > such that {rkf' — [dg{pk)Y cos(27) when d^{pk) < e and r^ is uniformly bounded 
below for dg{pk) > e. 

(4) The collection is locally uniformly finite. 

Proof: Clearly it is sufficient to establish the existence of such a cover of il^ n U for any neighbourhood 
U of each characteristic point p. As there are only two characteristic points these local covers can easily 
be combined to yield the desired global cover. 

Recall that if p is on the characteristic line then the projection to C of the homogeneous ball of radius 
r corresponds to the Euclidean ball of radius r^ about the projection of p. 

Without loss of generality we shall consider characteristic point p = (—1,0) and choose po — (io,0) to 
be any point in nearer to p than to (1, 0). Thus d^{pk) — \/to + 1. Set (rg)^ = (1 + ^o) sin(27). 

Next set x — 1 Inductively define tk+i = x{l+tk) — l and rk+i — r-^^/x and set pfc+i ~ (ifc+i, 0). 

Choose any a > (2; + 1)^^. Then the balls E™^^ and Bp^'^^^ are not disjoint. Since tk the whole 
collection then covers the part of the characteristic line strictly between p and pq. In fact it is easy to see 
using elementary properties of similar triangles that they do actually cover the part of that intersects 
some neighbourhood of p. 



Lemma 6.2 (Interior Regularity) Fix r > small enough that B^ is contained strictly in the interior 
of VL and choose a with < a < r. Suppose that the {O,q)-form <j £ Dom{[2f) satisfies D®"? G ^qj.{Bq). 
Then q G ^0+^(B(f ) and there is an estimate uniform over <; and r of the form 

Proof: Since these nonisotropic balls are strictly contained in the interior of fi, this is a statement on the 
regularity of the formal Kohn Laplacian studied in [3| . It follows from the work of FoUand and Stein in this 
paper that the regularity statement holds. Furthermore they show the following estimate for the (formal) 
Kohn Laplacian 

The dilation map 6r is an isomorphism of pseudohermitian manifolds from (]HI^"+^, r^0) to (]HI^"+^, 0). 
Multiplication of the pseudohermitian form by a scalar does not affect the Webster- Tanaka connection or 
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the associated df^ operator. However it does re-scale the volume form so adjoints are affected. It is 
easily seen that formally □['^ = r'^Of . Hence we can directly compute 



Thus apphed to (5*^ yields 



This completes the proof. 



Remark 6.3 The translation operators preserve the pseudohermitian structure exactly. The previous 
result therefore holds for balls centred at any point p S^; n provided r is chosen sufficiently small. 

Lemma 6.4 Choose p ^ D fl and < a < 1. Suppose — d^p cos j for some < 7 < tt. Then for 
each k there are constants ci,C'i > depending only on 7 and a such that 

'=i|Hl^l..(Br) - ll^ll^l,.,(sr) - ^i|l'^ll^^,.(Br)- 

Proof: On B^^ we immediately see that 

r\/ sec 7 — < rfg < ar\/sec"7+"Ti^. 

Near the characteristic points the function d^- agrees with some dx{-) so we can apply the arguments of 
Remark IA.5I ■ 

Corollary 6.5 Under the same conditions as Lemma \6.4\ suppose that the {0, q)-form <; e Dom{Of') 
satisfies Df <j G ^^^^ (Bp. Then <r £ Yq^^^ (B™ ) and there is an estimate uniform over r and p of the 
type 

ll'^^''^ll^5!4(Br) - + II^A|L|(B;)- 

Proof: The corollary follows after we make the observation that commuting the past all the ^^(V^j) 
terms in ^ produces an equivalent norm. See also the remarks following Lemma I A. 41 

■ 

Corollary 6.6 Suppose the {0, q)-form e Dom{af) satisfiesUf £ J^e,d^(^27); then<^e d^^ ■ 
and there is a constant C > independent of <^ such that 

ll'^^''^ll^e^4("7) - '^\P^4.y^^^(n-) + '^¥e^4Llin-^r 

7 An Isomorphism Theorem 

Before we state our main theorem, we need a few additional comments. Firstly when we split (0, (7)-forms 
into tangential and transverse components, we need to be careful as 0° is only a (0, l)-form for the 9 
pseudohermitian structure. When we are working with 0, we shall need to use 



r]-. = p. 
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Using this form rj in place of 9*^ we can now define the spaces ^e'0(^) ^ fashion directly analogous to 
the definition of J^g''' in Part 1 . However it is important to keep careful track of the weighting function 

As before we introduce the spaces y^yQ^^ifl) inductively by ^^^^^^{^1) = ^e!^!^) ^nd 

with corresponding inductively defined norms. From this we obtain 
Definition 7.1 

with norm 222 2 

Here we use ^Q^n) = ^e,^(f^) n >e,0(^) where >e,0(^) is the closure of in ^e,0(^)- 

Remark 7.2 The presence of the q+^f- term as compared to the Vj, term used in Part 1 is a consequence 
of the subtle interaction between the the intertwining operator /i and the Webster- Tanaka connection. For 
the pseudohermitian form O the tangential (0, l)-forms are spanned by 9-' = dP — z^fj. Now d9-' = 
dp A 77 - 2^ 77 A 77 and so 8^9^ ^ fj A 9^^ but V|6'? = -z^fj. Thus 9f 6*? = 77 A (1 + V|)6'?. Whereas from 
Part 1 we know that {dj^^i9'^)^ = V'^yii9K 

We can now state and prove the main result of this paper. 
Theorem 7.3 (Main Theorem) 

Let ri he the unit hall Bq — {|(t, z)|^ < 1} C H^""*"^ with n> A. Denote hy dg the (smoothed) homogeneous 
distance of p to the set of characteristic points of the boundary dfl. 

Suppose I < q < n ~ 2 and k > 0. Then on (0, q)-forms the operator 
is an isomorphism. 

Proof: Fix q in the range 1 < q < n — 2 and set v — n -\- 1 — q. 

First we note that the continuity of between these spaces is clear from the definitions. Injectivity 
was shown in Corollarv l4.11l This same corollary shows that is surjective from its domain onto L^{^). 
Therefore it is sufficient to show that the Neumann operator Nq maps ^ (SI) continuously into the 

space dl- y^'l^iVl). 

Fix 7 as in Section|Sland construct the associated cover of . On Q,'^ the function g is bounded above 
and below, thus we can immediately apply CoroUarv lti.Bl to see 

Now choose < 71 < 7 and double cover ri+ as in Lemma f5.il It is easy to see that all the larger 
tubes of the double cover are contained in some 57+ for < a < 71. Choose a (O,g)-form <; £ -5^e d (^)- 
Then ^ e y^^d.i^t)- Thus ii'h £ ygi^t)- Set ^ = N^{y.-\). 
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A simple commutation argument (see Lemma [A. 4|) shows that if p is the centre of one of the tubes from 
the cover then 

ll'^^V||,^^.,.(^.)<C(infd,)-'||^||^.,.(^.^. 
Applying Lemma 15.21 to each point pm in the constructed cover yields the estimate 

< C(sups)(inf dg) ^||^"^<?|Lfc,„5. + C( supd^ ) ^Bsip) 

For the second line we used the final property of the cover constructed in Lemma lS.ll to uniformly bound 
the term ( inf d^ ) by ( sup dg ) For the last line we noted that ( sup s ) ( inf d^ ) " can be uniformly 

bounded. 

This estimate is uniform over p S {pm}- We then apply it to each tube of the cover. Using the local 
uniform finiteness of the cover we then see 

m 

m 

Recall that from Lemma [4.71 we see that the last three terms on the right can be bounded uniformly by 
IIm"^'' II r2^ov Thus we have established that 

II Ilij^^iZJ 

||d^V|U^'=,2(f2+ ) < C'||/i"^^||^f=(n+) + ||M"^^|L2(f2). 

When we translate this result over into the FoUand-Stein spaces associated to the 9 pseudohermitian form, 
we notice that since we are working on a positive cone we can replace the ^/s weights by dg . Thus we have 
shown 

ll'^f ^^e^lU^ ,^(n+ ) ^ <^IMU,5,,^(o+) + '^II'^£'^©^IIl|(o)- C^-^) 

Combine 1)7.2(1 and (|7.1|) . then recall that by Lemma [4.121 Nq is continuous from ie(ri) to d| • L||(ri). 
This completes the proof. 

■ 

Corollary 7.4 With as in Theorem \ 7.S[ for all {p, q)-forms G -^e(f^) with 1 < q < n — 2 such that 
d^<; = the equation 
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is solvable for ip £ LQ{n) n (-R'er(9®)) . Furthermore, if ^ £ \; {^) then (p can be chosen so that 
if £ dg ■ =^0'^ iyi) and there is a uniform estimate 

Proof: When p = 0, we insist that the solution be orthogonal to the kernal of 9® and procede exactly as 
in Theorem 9.5 in Part 1. We merely need to add the appropriate weights and compute the adjoint {B^)* 
using the results of Section 0] 

When p > we note that dz^, . . . , dz", dw provide a global holomorphic frame for all (1, 0)-forms. Thus 
any (p, q)-ioTm can be uniquely expressed as a sum of the wedge product of a (0, q)-ioTms with p elements 
of this frame. The theorem then easily follows from the case p = 0. 

■ 

This result establishes hypoellipticity of solutions only up to non-characteristic boundary points. The 
weighting by d^ allows for some singularity in the solution even when <7 is globally smooth. It is interesting 
to note that the argument works when <; exhibits this same type of singularity at the characteristic points. 

A Comparison of Folland-Stein Spaces 

In order to use the regularity theory for to study that for Of, it is necessary to understand how the 
Folland-Stein spaces associated with the different pseudohermitian forms 9 and 8 relate. Since the form 9 
blows up along the line £w ^ {z = 0} , this is analogous to comparing Sobolev spaces for different metrics 
on unbounded domains. 

To facilitate this study we set Af-^j = (V^^j)*^ - Ai(V^^j)'=//~i and A|Y] = (Vf^j)*^ - ^(V|V])''/i"^- 
Lemma A.l There exists a constant C such that for all sufficiently smooth {Q,q)-forms <; 

j<k 

everywhere on {s > 0}. 

Proof: We work primarily in the coframe {dz^} as this has the huge advantage of being orthonormal and 
flat with respect to the Q pseudohermitian form. Since the form 9 is well-behaved away from the line 
{s = 0} there is a constant C such that 

0<j<k 

holds on the compact set {(0, z) £ H2"+^ : \z\ = 1}. Now 9 is invariant under the group G and the form 
Q is invariant under the translations and rescales under any dilation by S*Q = r^Q. The same constant 
C then works for all points (t,z) with \z\ = 1. The Webster-Tanaka connection is unchanged by scalar 
multiplication of the pseudohermitian form. We can then establish the lemma at an arbitrary point by 
pulling back (jA.lj) by a dilation that maps the point onto the surface described above. Since 

the results holds as stated. 
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Corollary A. 2 For sufficiently smooth {0, q)-forms 



0<j<k 



Proof: We compute 



<c ^ s'^+^wf^^y, 

0<j<k 



where the last line follows from Lemma lA.ll 

■ 

Corollary A. 3 For sufficiently smooth {0, q)-forms there is a constant C2 such that 

s'^^%vf^^)\\l<c,\[i+vi^;)\-\\]. 

Proof: The proof is by induction with the case k — Q obvious. Then 

^^^1(Vf«])^le < s^^'[WUfl^-\\l + |Af^]4} 

<|(VfH,)VV|^C';^.^-+''|vf,].|; 

j<k 

<C2|(l + Vf^j)%-i^|^ 

for some large constant C2. 

■ 

Before moving from these pointwise estimates to results on the FoUand-Stein spaces we first establish 
a couple of technical lemmas which reveal some flexibility in our definitions that will frequently be useful. 

Lemma A. 4 Suppose (j) is a smooth function on H^"+"'^\5u, that satisfies the condition that for all m 

k"-'(Vf^]r'/'le<^M (A.2) 
for some K{m) everywhere on ]HI^"+^\£u,. Then there exist constants c and C such that 



i<k j<k 



everywhere on M.'^"^^\£t^, for all k > and all sufficiently smooth contravariant tensors a. 

Proof: The proof is by induction with the cases k ~ 0,1 trivial. Suppose the lemma holds for all j < k. 
Then 



j<k j<k 

^Ek'(^fH])'"le + EE " 

j<k j<k m<j 



a\ 







^EI-^'K^^])' 



a\ 
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For the other direction we again employ induction noting 

<|(l + 0Vf^j)'=-Vvf^ja|^+ ^ X(fc-l-m)|(Vf^jra 

7n<.k — l 

<|(l + 0Vf^j)'=a|^. 



Remark A. 5 Suppose 4> is smooth on M'^^'-^^\£w and is either constant or homogeneous of degree 1 with 
respect to any dilation centred at some p ^ £w It is easy to check that then satisfies the condition of 
the previous lemma. In particular the lemma works for (j) = and 4> = distjj (-iP) for p € £q. 

Remark A. 6 By very similar arguments, commuting powers of cj) across terms of type (1 + 0V^j)'^ 
produces an equivalent pointwise norm. 

Remark A. 7 Similar results hold for Vp-j by employing identical arguments. In fact (|A.2p is stronger 
than the equivalent statement for V^-i . 



Corollary A. 8 Suppose (pi and (1)2 satisfy the conditions of Lemma \A.J\ IfO< 
then for all k > there are constants c, C > depending only on k and K such that 



< K on some set U 



^l + 02Vf^]) a|3<|(l + <^iVf^]) a|e<C|(l + </.2V®] 
holds for all sufficiently smooth a at all points of U . 

Proof: This is obvious when the norms are written out in the equivalent form of Lemma I A. 4 



We can now translate our earlier pointwise estimates into Folland-Stein estimates. First we recall the 
nature of the volume forms we are using. Fix a value of q with 1 < q < n ~ 2 and set ly = n + 1 — q. Thus 
dVg = s-^dVe- 

The following estimate is then an immediate consequence of CoroUarv I A . 21 and CoroUarv I A. 31 together 
with the technical lemma just proved. 

Corollary A. 9 Suppose U is any bounded open setmH2"+i. Then there are constants c and C depending 
only on k, U and q' such that 



(i + (VJ)vf,,)%| 



2 ^ II , „fl \'' -1 l|2 



for all sufficiently smooth (0, q')-forms <j. 



Corollary A. 10 With q fixed and ly = n + l — q we get that the intertwining operator fi is an isomorphism 



between 5^g and r- on {O,q)-forms. 



These arguments can easily be adapted to establish a similar equivalence for the weighted Folland-Stein 
spaces and or for purely tangential components of the derivative. 
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